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Main goal: fit a parametric model to data
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y =

kX

i=1

xi a(✓i) + noise

<latexit sha1_base64="cqh9RvWnWMlgAr1x9lMGF+sePpM="></latexit><latexit sha1_base64="cqh9RvWnWMlgAr1x9lMGF+sePpM="></latexit><latexit sha1_base64="cqh9RvWnWMlgAr1x9lMGF+sePpM="></latexit><latexit sha1_base64="cqh9RvWnWMlgAr1x9lMGF+sePpM="></latexit>

xi 2 R, ✓i 2 ⇥ ✓ Rd
<latexit sha1_base64="Qu3NEzSKZR0dCBUmf6tKvLiWgSE="></latexit><latexit sha1_base64="Qu3NEzSKZR0dCBUmf6tKvLiWgSE="></latexit><latexit sha1_base64="Qu3NEzSKZR0dCBUmf6tKvLiWgSE="></latexit><latexit sha1_base64="Qu3NEzSKZR0dCBUmf6tKvLiWgSE="></latexit>

I know: 

I want: 

a : ⇥ ! H
<latexit sha1_base64="IeQYEDZYvt54xXXmd6Xp5PpP1t4="></latexit><latexit sha1_base64="IeQYEDZYvt54xXXmd6Xp5PpP1t4="></latexit><latexit sha1_base64="IeQYEDZYvt54xXXmd6Xp5PpP1t4="></latexit><latexit sha1_base64="IeQYEDZYvt54xXXmd6Xp5PpP1t4="></latexit>

y
<latexit sha1_base64="55yf69zlsqaXdgj9dkrrndxYs2w="></latexit><latexit sha1_base64="55yf69zlsqaXdgj9dkrrndxYs2w="></latexit><latexit sha1_base64="55yf69zlsqaXdgj9dkrrndxYs2w="></latexit><latexit sha1_base64="55yf69zlsqaXdgj9dkrrndxYs2w="></latexit>

(observations)
(functional form)

{xi}ki=1, {✓i}
k
i=1

<latexit sha1_base64="iNP6czWNRwOQQSleX28VlSgMFU4="></latexit><latexit sha1_base64="iNP6czWNRwOQQSleX28VlSgMFU4="></latexit><latexit sha1_base64="iNP6czWNRwOQQSleX28VlSgMFU4="></latexit><latexit sha1_base64="iNP6czWNRwOQQSleX28VlSgMFU4="></latexit>

(component features)



Example:  
Gaussian deconvolution problem

 3

True signal x

Observed signal y

✓⇤
1 ✓⇤

2 ✓⇤
3 ✓⇤

4

(Courtesy C. Elvira)



Other 2D/3D examples…
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astrophysics fluid mechanics microscopy



The brute-force approach is likely to fail
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Optimization problem over a (d+1)k dimensional space

Are the features identifiable from y ?

|{z}
<latexit sha1_base64="FWzVwrCIOF1UOVdky2lZ6Vlh0rw="></latexit><latexit sha1_base64="FWzVwrCIOF1UOVdky2lZ6Vlh0rw="></latexit><latexit sha1_base64="FWzVwrCIOF1UOVdky2lZ6Vlh0rw="></latexit><latexit sha1_base64="FWzVwrCIOF1UOVdky2lZ6Vlh0rw="></latexit>

this function is likely to have many local minima

min
{xi}k

i=1,{✓i}k
i=1

�����y �
kX

i=1

x

i

a(✓
i

)

�����
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H
<latexit sha1_base64="DvLIwUOTpcbJC9BL7zLMagDyTQE="></latexit><latexit sha1_base64="DvLIwUOTpcbJC9BL7zLMagDyTQE="></latexit><latexit sha1_base64="DvLIwUOTpcbJC9BL7zLMagDyTQE="></latexit><latexit sha1_base64="DvLIwUOTpcbJC9BL7zLMagDyTQE="></latexit>



Can « sparse representations » provide 
an answer to these questions/problems ?



The sparse model
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xi 2 R, ai 2 A
<latexit sha1_base64="BqqAnBTRGKxAJO6t3JmUl6e0Er0="></latexit><latexit sha1_base64="BqqAnBTRGKxAJO6t3JmUl6e0Er0="></latexit><latexit sha1_base64="BqqAnBTRGKxAJO6t3JmUl6e0Er0="></latexit><latexit sha1_base64="BqqAnBTRGKxAJO6t3JmUl6e0Er0="></latexit>

y '
kX

i=1

xi ai

<latexit sha1_base64="GRx+PrwzB+XcsAyaM7kMBqpZlKQ="></latexit><latexit sha1_base64="GRx+PrwzB+XcsAyaM7kMBqpZlKQ="></latexit><latexit sha1_base64="GRx+PrwzB+XcsAyaM7kMBqpZlKQ="></latexit><latexit sha1_base64="2KhGZMhR+CGrPj/UB0XWrysKuwY="></latexit><latexit sha1_base64="IHubp3wjBKZ3fC5EzBz276nSxdc="></latexit><latexit sha1_base64="IHubp3wjBKZ3fC5EzBz276nSxdc="></latexit><latexit sha1_base64="O+d32OYesc1d/ylYT7H1n51zP9E="></latexit><latexit sha1_base64="GRx+PrwzB+XcsAyaM7kMBqpZlKQ="></latexit><latexit sha1_base64="GRx+PrwzB+XcsAyaM7kMBqpZlKQ="></latexit><latexit sha1_base64="GRx+PrwzB+XcsAyaM7kMBqpZlKQ="></latexit><latexit sha1_base64="GRx+PrwzB+XcsAyaM7kMBqpZlKQ="></latexit><latexit sha1_base64="GRx+PrwzB+XcsAyaM7kMBqpZlKQ="></latexit><latexit sha1_base64="GRx+PrwzB+XcsAyaM7kMBqpZlKQ="></latexit>

« dictionary » of elementary signals  

The « sparse » hypothesis: k ⌧ dim(y)
<latexit sha1_base64="mqMLRNbKp8Uypm1HCIKcVNS1V+8="></latexit><latexit sha1_base64="mqMLRNbKp8Uypm1HCIKcVNS1V+8="></latexit><latexit sha1_base64="mqMLRNbKp8Uypm1HCIKcVNS1V+8="></latexit><latexit sha1_base64="mqMLRNbKp8Uypm1HCIKcVNS1V+8="></latexit>

↓



Finite dictionaries allow for 
a matrix formulation
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A
x

'<latexit sha1_base64="zl9adp9E95ewB2z6WK65xqGZ6Ig="></latexit><latexit sha1_base64="zl9adp9E95ewB2z6WK65xqGZ6Ig="></latexit><latexit sha1_base64="zl9adp9E95ewB2z6WK65xqGZ6Ig="></latexit><latexit sha1_base64="zl9adp9E95ewB2z6WK65xqGZ6Ig="></latexit>

|{z} <latexit sha1_base64="FWzVwrCIOF1UOVdky2lZ6Vlh0rw="></latexit> <latexit sha1_base64="FWzVwrCIOF1UOVdky2lZ6Vlh0rw="></latexit> <latexit sha1_base64="FWzVwrCIOF1UOVdky2lZ6Vlh0rw="></latexit> <latexit sha1_base64="FWzVwrCIOF1UOVdky2lZ6Vlh0rw="></latexit>

# elements of the dictionary

k nonzero elements

y
<latexit sha1_base64="55yf69zlsqaXdgj9dkrrndxYs2w="></latexit><latexit sha1_base64="55yf69zlsqaXdgj9dkrrndxYs2w="></latexit><latexit sha1_base64="55yf69zlsqaXdgj9dkrrndxYs2w="></latexit><latexit sha1_base64="2KhGZMhR+CGrPj/UB0XWrysKuwY="></latexit><latexit sha1_base64="Uq85E78ZwYq8RAZkibDu42iPN9M="></latexit><latexit sha1_base64="Uq85E78ZwYq8RAZkibDu42iPN9M="></latexit><latexit sha1_base64="OalKhBL2XpTd5v2WFC0uBWXe9/o="></latexit><latexit sha1_base64="55yf69zlsqaXdgj9dkrrndxYs2w="></latexit><latexit sha1_base64="55yf69zlsqaXdgj9dkrrndxYs2w="></latexit><latexit sha1_base64="55yf69zlsqaXdgj9dkrrndxYs2w="></latexit><latexit sha1_base64="55yf69zlsqaXdgj9dkrrndxYs2w="></latexit><latexit sha1_base64="55yf69zlsqaXdgj9dkrrndxYs2w="></latexit><latexit sha1_base64="55yf69zlsqaXdgj9dkrrndxYs2w="></latexit>



(P0) :
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Mathematical formulation 
of the sparse representation problem

ˆ

x =argmin kzk0
subject to y = Az

(P0) is NP-hard 



«Convex relaxation» enables 
a tractable implementation
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ˆ

x =argmin kzk1
subject to y = Az

(P1) :

(P1) is a convex problem!



Noise-aware modification of (P1):  
the « LASSO » problem
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x̂ 2 argmin
z

⇢
1

2
ky �Azk2H + �kzk1

�

<latexit sha1_base64="aQSLkCE67e0LvwjT9BFuvgWmFYI="></latexit><latexit sha1_base64="aQSLkCE67e0LvwjT9BFuvgWmFYI="></latexit><latexit sha1_base64="aQSLkCE67e0LvwjT9BFuvgWmFYI="></latexit><latexit sha1_base64="aQSLkCE67e0LvwjT9BFuvgWmFYI="></latexit>



Sparse representations 
in continuous dictionaries



Continuous dictionaries contain 
an infinite number of elements
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xi 2 R, ai 2 A
<latexit sha1_base64="BqqAnBTRGKxAJO6t3JmUl6e0Er0="></latexit><latexit sha1_base64="BqqAnBTRGKxAJO6t3JmUl6e0Er0="></latexit><latexit sha1_base64="BqqAnBTRGKxAJO6t3JmUl6e0Er0="></latexit><latexit sha1_base64="BqqAnBTRGKxAJO6t3JmUl6e0Er0="></latexit>

y '
kX

i=1

xi ai

<latexit sha1_base64="GRx+PrwzB+XcsAyaM7kMBqpZlKQ="></latexit><latexit sha1_base64="GRx+PrwzB+XcsAyaM7kMBqpZlKQ="></latexit><latexit sha1_base64="GRx+PrwzB+XcsAyaM7kMBqpZlKQ="></latexit><latexit sha1_base64="2KhGZMhR+CGrPj/UB0XWrysKuwY="></latexit><latexit sha1_base64="IHubp3wjBKZ3fC5EzBz276nSxdc="></latexit><latexit sha1_base64="IHubp3wjBKZ3fC5EzBz276nSxdc="></latexit><latexit sha1_base64="O+d32OYesc1d/ylYT7H1n51zP9E="></latexit><latexit sha1_base64="GRx+PrwzB+XcsAyaM7kMBqpZlKQ="></latexit><latexit sha1_base64="GRx+PrwzB+XcsAyaM7kMBqpZlKQ="></latexit><latexit sha1_base64="GRx+PrwzB+XcsAyaM7kMBqpZlKQ="></latexit><latexit sha1_base64="GRx+PrwzB+XcsAyaM7kMBqpZlKQ="></latexit><latexit sha1_base64="GRx+PrwzB+XcsAyaM7kMBqpZlKQ="></latexit><latexit sha1_base64="GRx+PrwzB+XcsAyaM7kMBqpZlKQ="></latexit>

A = {a(✓) : ✓ 2 ⇥}
<latexit sha1_base64="6Ek+ezIrBwF1uOl76MJqXwIjz/k="></latexit><latexit sha1_base64="6Ek+ezIrBwF1uOl76MJqXwIjz/k="></latexit><latexit sha1_base64="6Ek+ezIrBwF1uOl76MJqXwIjz/k="></latexit><latexit sha1_base64="6Ek+ezIrBwF1uOl76MJqXwIjz/k="></latexit>

where

card(A) = card(⇥)
<latexit sha1_base64="zyL/dpf61lCyuPWvs2jWZ+/fXdA="></latexit><latexit sha1_base64="zyL/dpf61lCyuPWvs2jWZ+/fXdA="></latexit><latexit sha1_base64="zyL/dpf61lCyuPWvs2jWZ+/fXdA="></latexit><latexit sha1_base64="zyL/dpf61lCyuPWvs2jWZ+/fXdA="></latexit>

NB:
may thus contain an infinite number of elements !A

<latexit sha1_base64="dxnfpL1kUwzyiPPIc9h1d4wWem8="></latexit><latexit sha1_base64="dxnfpL1kUwzyiPPIc9h1d4wWem8="></latexit><latexit sha1_base64="dxnfpL1kUwzyiPPIc9h1d4wWem8="></latexit><latexit sha1_base64="dxnfpL1kUwzyiPPIc9h1d4wWem8="></latexit>



The « BLASSO » problem:  
a continuous counterpart to LASSO
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µ̂ 2 argmin
µ2M(⇥)

⇢
1

2
ky �Aµk2H + �kµkTV

�

<latexit sha1_base64="JidXJeUnN1f92/ZqsoZ17Q3yLcY="></latexit><latexit sha1_base64="JidXJeUnN1f92/ZqsoZ17Q3yLcY="></latexit><latexit sha1_base64="JidXJeUnN1f92/ZqsoZ17Q3yLcY="></latexit><latexit sha1_base64="JidXJeUnN1f92/ZqsoZ17Q3yLcY="></latexit>

M(⇥)
<latexit sha1_base64="MlqIkUcibbNtjjCvbbJdlYgOtk0="></latexit><latexit sha1_base64="MlqIkUcibbNtjjCvbbJdlYgOtk0="></latexit><latexit sha1_base64="MlqIkUcibbNtjjCvbbJdlYgOtk0="></latexit><latexit sha1_base64="MlqIkUcibbNtjjCvbbJdlYgOtk0="></latexit>

where : set of Radon measures on ⇥
<latexit sha1_base64="94hdSk6hjwOousUzOIVHDezL+/0="></latexit><latexit sha1_base64="94hdSk6hjwOousUzOIVHDezL+/0="></latexit><latexit sha1_base64="94hdSk6hjwOousUzOIVHDezL+/0="></latexit><latexit sha1_base64="94hdSk6hjwOousUzOIVHDezL+/0="></latexit>

A : M(⇥) ! H
<latexit sha1_base64="pveNfOUnRm48T0RIfj8NfXWfUQ8="></latexit><latexit sha1_base64="pveNfOUnRm48T0RIfj8NfXWfUQ8="></latexit><latexit sha1_base64="pveNfOUnRm48T0RIfj8NfXWfUQ8="></latexit><latexit sha1_base64="pveNfOUnRm48T0RIfj8NfXWfUQ8="></latexit>

linear operator
kµkTV

<latexit sha1_base64="zkodpfkUJlD8qOB0WZV8pFQJpMs="></latexit><latexit sha1_base64="zkodpfkUJlD8qOB0WZV8pFQJpMs="></latexit><latexit sha1_base64="zkodpfkUJlD8qOB0WZV8pFQJpMs="></latexit><latexit sha1_base64="zkodpfkUJlD8qOB0WZV8pFQJpMs="></latexit>

: « total variation » norm



Pro & con of the « BLASSO » problem 
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The BLASSO problem is convex
Convex optimality conditions can be used to derive recovery results

The optimisation variable is a measure
Optimization over an infinite dimensional space can be tedious



Some selected recovery results 
of the literature
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[de Castro et al, 2012]: sum of some positive functions (Markov system)

[Candes et al, 2015]: sum of cosines under separability condition

[Elvira et al, 2019]: signed sum of completely monotone functions

[Denoyelle et al, 2018]: stability of the number of components in high SNR regime

Recovery in the noiseless setting

Stability in the noisy setting



Under some conditions,  
the solution is a discrete measure
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We can focus on discrete measures in the resolution of BLASSO

µ̂ =
kX

i=1

x̂i�✓̂i
<latexit sha1_base64="4g7LIyPoX8LLiDSslQU13Wl9KJI="></latexit><latexit sha1_base64="4g7LIyPoX8LLiDSslQU13Wl9KJI="></latexit><latexit sha1_base64="4g7LIyPoX8LLiDSslQU13Wl9KJI="></latexit><latexit sha1_base64="4g7LIyPoX8LLiDSslQU13Wl9KJI="></latexit>



A practical implementation: 
the « sliding » Frank-Wolfe  algorithm

 18

Init:

Repeat:

x

? = “smart choice”

<latexit sha1_base64="plJRCUfNKAoi2iQF/mLNvtzIHrw="></latexit><latexit sha1_base64="plJRCUfNKAoi2iQF/mLNvtzIHrw="></latexit><latexit sha1_base64="plJRCUfNKAoi2iQF/mLNvtzIHrw="></latexit><latexit sha1_base64="plJRCUfNKAoi2iQF/mLNvtzIHrw="></latexit>

µ̂ = µ̂+ x

?
�✓?

<latexit sha1_base64="m2ZMTbA4ze/BcyUl5ctDwwjfqSM="></latexit><latexit sha1_base64="m2ZMTbA4ze/BcyUl5ctDwwjfqSM="></latexit><latexit sha1_base64="m2ZMTbA4ze/BcyUl5ctDwwjfqSM="></latexit><latexit sha1_base64="m2ZMTbA4ze/BcyUl5ctDwwjfqSM="></latexit>

µ̂ = 0
<latexit sha1_base64="e7UZd5tIIqcFCEQ+AME2vQv4iA4="></latexit><latexit sha1_base64="e7UZd5tIIqcFCEQ+AME2vQv4iA4="></latexit><latexit sha1_base64="e7UZd5tIIqcFCEQ+AME2vQv4iA4="></latexit><latexit sha1_base64="2KhGZMhR+CGrPj/UB0XWrysKuwY="></latexit><latexit sha1_base64="EDJhkvoRR8Vkdpe+o+v2/0hcZPk="></latexit><latexit sha1_base64="EDJhkvoRR8Vkdpe+o+v2/0hcZPk="></latexit><latexit sha1_base64="xvx3sNBgYLsijTK6CDTkSFLFaJU="></latexit><latexit sha1_base64="e7UZd5tIIqcFCEQ+AME2vQv4iA4="></latexit><latexit sha1_base64="e7UZd5tIIqcFCEQ+AME2vQv4iA4="></latexit><latexit sha1_base64="e7UZd5tIIqcFCEQ+AME2vQv4iA4="></latexit><latexit sha1_base64="e7UZd5tIIqcFCEQ+AME2vQv4iA4="></latexit><latexit sha1_base64="e7UZd5tIIqcFCEQ+AME2vQv4iA4="></latexit>

1) Set

with

NB: at this point,       has the form µ̂ =
kX

i=1

xi�✓i

<latexit sha1_base64="1+LnNW/7XUwGePO6OOEvdQcjj4Y="></latexit><latexit sha1_base64="1+LnNW/7XUwGePO6OOEvdQcjj4Y="></latexit><latexit sha1_base64="1+LnNW/7XUwGePO6OOEvdQcjj4Y="></latexit><latexit sha1_base64="1+LnNW/7XUwGePO6OOEvdQcjj4Y="></latexit>

µ̂
<latexit sha1_base64="DuG9e/KaJFi0sF8v3vjk4O0I+Kk="></latexit><latexit sha1_base64="DuG9e/KaJFi0sF8v3vjk4O0I+Kk="></latexit><latexit sha1_base64="DuG9e/KaJFi0sF8v3vjk4O0I+Kk="></latexit><latexit sha1_base64="DuG9e/KaJFi0sF8v3vjk4O0I+Kk="></latexit>

2) Change       as you want as long as the cost decreasesµ̂
<latexit sha1_base64="DuG9e/KaJFi0sF8v3vjk4O0I+Kk="></latexit><latexit sha1_base64="DuG9e/KaJFi0sF8v3vjk4O0I+Kk="></latexit><latexit sha1_base64="DuG9e/KaJFi0sF8v3vjk4O0I+Kk="></latexit><latexit sha1_base64="DuG9e/KaJFi0sF8v3vjk4O0I+Kk="></latexit>

✓? = argmax

✓2⇥
|ha(✓),y �Aµ̂iH|

<latexit sha1_base64="hVExRqp99y68peCAV6zPfptnn/Q="></latexit><latexit sha1_base64="hVExRqp99y68peCAV6zPfptnn/Q="></latexit><latexit sha1_base64="hVExRqp99y68peCAV6zPfptnn/Q="></latexit><latexit sha1_base64="hVExRqp99y68peCAV6zPfptnn/Q="></latexit>



The search of the new spike to add  
may be computationally demanding
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✓? = argmax

✓2⇥
|ha(✓),y �Aµ̂iH|

<latexit sha1_base64="hVExRqp99y68peCAV6zPfptnn/Q="></latexit><latexit sha1_base64="hVExRqp99y68peCAV6zPfptnn/Q="></latexit><latexit sha1_base64="hVExRqp99y68peCAV6zPfptnn/Q="></latexit><latexit sha1_base64="hVExRqp99y68peCAV6zPfptnn/Q="></latexit>

d-dimensional « linear » optimization problem

We propose efficient procedures to prune the optimization 
domain       [Herzet et al, 18], [Dorffer et al, 18]⇥

<latexit sha1_base64="94hdSk6hjwOousUzOIVHDezL+/0="></latexit><latexit sha1_base64="94hdSk6hjwOousUzOIVHDezL+/0="></latexit><latexit sha1_base64="94hdSk6hjwOousUzOIVHDezL+/0="></latexit><latexit sha1_base64="94hdSk6hjwOousUzOIVHDezL+/0="></latexit>



Conclusions

• Sparse representation in continuous dictionaries        
can bring new answers to pretty old problems

• The battle for the design of sparse representation 
algorithms in continuous dictionaries is open

• We are interested in applications !


